Abstract. Let L be a very ample line bundle on a connected complex projective manifold M of dimension n ≥ 3. Except for a short list of degenerate pairs (M, L), κ(K M + (n − 2)L) = n and there exists a morphism π : M → M expressing M as the blowup of a projective manifold M at a finite set B, with
Introduction
Let L be a very ample line bundle on a connected complex projective manifold M of dimension n ≥ 3. Except for a short list of degenerate pairs (M, L), it follows that κ(K M + (n − 2)L) = n and that there exists a morphism π : M → M expressing M as the blowup of a projective manifold M at a finite set B, with K M := K M + (n − 2)L nef and big for the ample line bundle L := (π * L) * * . Note that if K M is nef and big, then a smooth element S ∈ |L| is of general type and the map onto the minimal model of S is given by π S : S → π(S). Moreover π S expresses S as the blowup of π(S) on a finite set of cardinality γ. The projective geometry of (M, L) is largely controlled by the pluridegrees d j := L n−j · (K M + (n − 2)L) j , for j = 0, . . . , n, of (M, L). The usual invariants that come up in classification are expressed simply in terms of these invariants; e.g., see [7, 3] . For example, d 0 = d + γ where d denotes the degree of M relative to the embedding given by |L|, d 0 + d 1 = 2g − 2 where g is the genus of a curve section of (M, L), and d 2 is equal to the self-intersection of the canonical divisor of the minimal model of a surface section of (M, L). In this article, a detailed analysis is made of the pluridegrees of (M, L).
Here is a detailed summary of the results of this article. Theorem (2.1) details the exceptions to inequalities of the form d j ≥ d j−1 + 2 in dimensions ≥ 5, and
Background material
We work over the complex field C. The notations used in this paper are standard from algebraic geometry. In particular we follow the notation of [8, (1.1) ]. We define κ(D), the Kodaira dimension of a Q-Cartier divisor, D, on a projective variety V , to be κ (N D) , where N is a positive integer such that N D is Cartier; κ(V ) := κ(K V ), the Kodaira dimension of V , for V smooth. We refer to [8, §1] for a summary of a number of results we use extensively through this paper, e.g., the genus formula [8, (1. 2)], various double point formulae [8, Prop. (1.5) , Lemma (1.6), Cor. (1.7)], Tsuji's inequality [8, Prop. (1.8) ], and Castelnuovo's inequality [8, (1.9) ].
Reductions.
(See e.g., [7, Chapters 7, 12] .) Let (M, L) be a smooth variety of dimension n ≥ 2 polarized with a very ample line bundle L. Except for an explicit list of well understood pairs (M, L) (see in particular [7, § §7.2, 7.3, 7.4] ) it follows that: a) K M + (n − 1)L is spanned and big, and there is a morphism π : M → M expressing M as the blowing up of a projective manifold M at a finite set of points, B, such that L := (π * L) * * is ample and L ≈ π * L − [π −1 (B)] or, equivalently, K M +(n−1)L ≈ π * (K M +(n−1)L). Furthermore K M +(n−1)L is very ample. The pair (M, L), which is unique up to isomorphism, is called the first reduction of (M, L). b) K M + (n − 2)L is nef and big, for n ≥ 3. If K M + (n − 2)L is nef and big, then there is a morphism ϕ : M → X with connected fibers and normal image and an ample line bundle K on X such that
The morphism ϕ is very well behaved, e.g., X has terminal, 2-Gorenstein (i.e., 2K X is a line bundle) isolated singularities and K ≈ K X +(n−2)D, where D := (ϕ * L) * * is a 2-Cartier divisor such that 2L ≈ ϕ * (2D) − ∆ for some effective divisor ∆ on M which is ϕ-exceptional and dim ϕ(∆) ≤ 1 (see [7, (7.5 
.7)]). The pair (X, D) is known as the second reduction of (M, L). Notice that from
Most of the results of this paper hold under the assumption that κ(K M +(n−2)L) = n. Notice that this is equivalent to say that K M + (n − 2)L is nef and big (see [7, (7.6.9) ]). Note also that this is equivalent to the usual definition of log-general type for threefolds, and is usually taken in the adjunction theory literature (see e.g., [7] ) as the definition of log-general type in dimension greater than three. Let S be the smooth surface obtained as transversal intersection of n − 2 general members of |L| and let S := π( S) be the corresponding smooth surface in M . Since K M + (n − 2)L is nef and big, the canonical bundle K S of S is nef and big, so that S is a minimal surface of general type (see also [7, (7.6.10) ]). Note that we have the strict Miyaoka inequality
We use, throughout the paper, the following results from adjunction theory. We refer to [7, (7.7.9) ] for the first one. The second one is essentially due to Fujita [10] and also follows from the results of §2 of [5] . 
1.4. Pluridegrees. For more details on the pluridegrees we refer to [7, Chap. 13] 
denotes the number of points blown up under π : 
To see this recall that 2L ≈ ϕ * (2D) − ∆ for some effective Cartier divisor ∆ which is ϕ-exceptional (see (1.1)) and compute, for j ≥ 2,
where the last equality follows from the fact that dim ϕ(∆) ≤ 1. We need the following lower bound for the degree.
Lemma 1.5. Let M be a smooth n-fold polarized by a very ample line bundle L.

Assume that κ(K
Proof. We can assume that Γ(L) embeds M in P N with N ≥ n + 2. Let S be the smooth surface obtained as the transversal intersection of n − 2 general members of |L|. Since S is of general type, we have by a result of Castelnuovo (see [7, (8.1) ], [13, (0.6) 
Thus by Castelnuovo's bound we conclude that g(C) ≤ 6 for any smooth curve section C of M ⊂ P n+2 . Therefore, by the genus formula, 7
. . , n. Therefore we conclude that d 2 = 1, and using d Q.E.D.
We need the following useful consequence of the Levi extension theorem. 
Exceptions to nefness and bigness
Let M be a smooth connected n-fold polarized by a very ample line bundle L.
be the first and the second reduction of (M, L) as in (1.1) . In this section we study the exceptions to nefness and bigness of K X + (n − 3)K when n ≥ 5, and the exceptions to nefness and bigness of K X + 3K for n = 4.
First assume n ≥ 5. From [7, (7.7 .2), (7.7.3), (7.7.5), (7.7.6)] we know that K X + (n − 3)K is nef and big unless either i) n = 6, (X, K) ∼ = (P 6 , O P 6 (1)); or ii) n = 5, (X, K) ∼ = (Q, O Q (1)), Q a quadric in P 6 ; or iii) n = 5, X is a P 4 -bundle over a smooth curve, K F ≈ O P 4 (1) for any fiber F ; or iv) n = 5, X is a singular 2-Gorenstein Fano 5-fold described in [7, (7.7.5) 
In cases v), vi), vii) and viii) we have
By using the Hodge index relations we find
According to whether n is odd or even, we have the following bounds:
for n odd, and
Assume n is odd. By parity [7, Lemma (13 
Assume n is even. By parity we have
If this is not the case, we may assume t < n and exactly the same argument as above leads to a contradiction.
The arguments above show the following result.
Theorem 2.1. Let M be a smooth connected n-fold polarized by a very ample line bundle L, with
be the first and the second reduction of (M, L) with
We now consider the case n = 4. From [4, (2.1)] we know that K X + 3K is nef and big unless either i) (X, K) ∼ = (P 4 , O P 4 (1)); or ii) X is a Gorenstein Fano 4-fold with −K X ≈ 3K and −4K ≈ 6D; or iii) there exists a holomorphic map ψ : X → C, where C is a smooth curve, 4K X +6D ≈ ψ * H for some ample line bundle H on C. In this case K X +3K ≈ ψ * H, i.e., (X, K) is a quadric fibration over C; or iv) there exists a holomorphic map ψ : X → S, where S is a smooth surface,
In case i), d 4 = 2. In cases iii) and iv), 4K X + 6D is effective. From [7, (7.
Theorem 2.2. Let M be a smooth connected 4-fold polarized by a very ample line bundle L. Assume that κ(K
is not nef and big. Then either
be the first and the second reduction of (M, L) as in (1.1). In this section we consider the general case when n ≥ 6.
From the results of §2 we can assume that K X + (n − 3)K is nef and big. By Proposition (1.2) this nefness and bigness condition together with the assumption
It should be noted that K X + (n − 3)K is always nef under the assumption
. We can prove the following general result. 
and there is a birational morphism ψ :
Proof. First assume n ≥ 7. Thus Theorem (3.1) of [1] applies to say that (n + 1)K M + n(n − 3)L is effective unless n = 8 as in case 2). From [7, (7.6 .1)] we know that
Therefore, up to the special case with n = 8,
Hence in particular
Assume now n = 6. 
as in 1). In the special case d = 364, the same argument gives
as in case 3).
Q.E.D. 
We have the following numerical conditions, expressed in terms of pluridegrees, for a given variety V to be a k-fold section of the polarized pair (M, L). Remark 3.3. Let M be a smooth connected n-fold polarized by a very ample line bundle L with either n ≥ 7 or n = 6 and L 6 = 364, as in (3.1). Let V be the k-fold section of M obtained as the transversal intersection of n − k general members of |L|, k = 2, . . Let the d j 's be the pluridegrees of (M, L) and let
Assuming n = 8 and L n = 364, we have from (3.1)
In particular, for k = 2, inequality (5) gives a lower bound for the Euler characteristic of the surface section V = S. Indeed Miyaoka's inequality d 2 < 9χ(O S ) combined with (5) gives
Let M be a smooth connected 5-fold polarized by a very ample line bundle L.
, be the first and the second reduction of (M, L) as in (1.1).
From the results of §2 we can assume that K X +2K is nef and big. By Proposition (1.2) this nefness and bigness condition together with the assumption κ(K M +3L) = 5 is equivalent to the condition κ(K M + 2L) = 5.
We can prove the following result. In many proofs special arguments are needed for the cases when projective invariants are small. The inequalities in Theorems (4.1) and (5.1) are very useful in such situations. 
. M is the complete intersection of a quadric and a quintic in
P 7 , L ∼ = O M (1), (M, L) ∼ = (M, L), d = 10, d j = 2 j d, j = 1, 2, 3, 4, 5; or 3. M
is the complete intersection of a quadric and a sextic in
P 7 , L ∼ = O M (1), (M, L) ∼ = (M, L), d = 12, d j = 3 j d, j = 1, 2, 3, 4, 5; or 4
. M is the complete intersection of a cubic and a quartic in
Proof. We can assume that h 0 (L) ≥ 8 since otherwise the result is trivial. Let ϕ : (M, L) → (X, D), K ≈ K X + 3D, be the second reduction of (M, L). Consider the line bundle F := 2(K X + 2D) on X. Since K X + 2K ≈ 3(K X + 2D) is nef and big (see (1.2)), we conclude that F is nef and big.
Moreover 2F − K X = 3K X + 8D = K X + 2D + 2(K X + 3D) is nef and big since, by the above, K X + 2D is nef and big and K ≈ K X + 3D is ample. Thus the Kawamata-Shokurov basepoint free theorem (see e.g., [7, (1.5.1)]) applies to say that tF is spanned by global sections for sufficiently large integers t. (8) From [7, (7.2.9) ] (see also [1, (0.2.8)]) we know that h i (t(K X + 2D)) = 0 for all positive integers t and for i > 0. Then in particular
Thus in view of conditions (7), (8), (9), Proposition (0.5) of [1] applies to say that either h 0 (K X + 5F ) = h 0 (11K X + 20D) > 0, or there exists a birational morphism 
Exactly the same argument, by using (10) and Castelnuovo's bound, rules out the low degree cases 8 ≤ d ≤ 13.
Thus 
Thus d ≥ 12. Assume that d = 12 and that |L| embeds M in P 7 . Then |L V | embeds V in P 5 and, recalling (11), we see that either V is the complete intersection of a quadric and a sextic in P 5 or V is the complete intersection of a cubic and a quartic in P 5 . Accordingly, either M is the complete intersection of a quadric and a sextic in 
i.e., d 1 = 3d, so that g = 2d + 1 = 27 doesn't reach the maximum according to Castelnuovo's bound. Thus, since the hyperplane curve section of M lies in P 3 , we can use Gruson-Peskine bound which gives (see e.g., [7, (1.4.9) 
or g ≤ 22. This contradicts the above equality g = 27.
Therefore we have to consider the case when d = 13 and |L| embeds M in P 8 . Again, as above, d 1 ≥ 3d. Castelnuovo's bound yields g ≤ Castel(13, 4) ≤ 18 and then we get the contradiction 52
Thus we can assume d ≥ 14, so that (11) gives, since r + 3 ≥ 2, the inequalities 5 ≥ 448 and we fall again in case 1).
Q.E.D.
The case n = 4
Let M be a smooth connected 4-fold polarized by a very ample line bundle L.
From the results of §2 we can assume that K X +3K is nef and big. By Proposition (1.3) this is equivalent to κ(K X + 3K) = 4, or, since
for some effective Q-Cartier divisor Z on M (see (1.1)), we conclude that the nefness and bigness condition above is equivalent to κ(K M + 
. M is the complete intersection of a quadric and a quartic in
P 6 , L ∼ = O M (1), (M, L) ∼ = (M,
Proof. Let ϕ : (M, L) → (X, D), K ≈ K X + 2D, be the second reduction of (M, L).
Since K X +3K ≈ 4K−2D is nef and big, dotting with K j ·D 3−j , j = 2, 3, we obtain
By using repeatedly the Hodge index inequalities, we obtain (12) gives d 4 ≥ 3, and hence d 
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Thus we can assume that |L| embeds M in P 6 . Therefore by the Barth-Lefschetz theorem we know that Pic( (14) gives r + 2 = 1, i.e., d j = d j−1 , j = 1, 2, 3, 4. This is not possible unless V is the complete intersection of two cubic hypersurfaces in P 5 . In this case M is the complete intersection of two cubics in P 6 and d j = 9, j = 0, 1, 2, 3, 4, as in 3).
Then either V is the complete intersection of a quadric and a quintic in P 5 , so that M is a complete intersection of type (2, 5) in Q.E.D.
6. The case n = 3, I
Let M be a smooth connected 3-fold polarized by a very ample line bundle L.
First, let us state some general relations. Let S be a smooth general member of
. Since K M is nef and big, the Riemann-Roch formula yields
For t = 1 we have
For t = 2 we have
For t = 3 we have
We have the following four exceptions to K X + 2K being nef from [1, (2.2)].
, where Q is a quadric in P 4 and O Q (1) is the restriction of O P 4 (1) to Q, under the usual embedding Q ⊂ P 4 . iii) d 3 = 4, and X is the cone over (P 2 , O P 2 (2)) with 2D ≈ 7ξ, where ξ is the tautological line bundle of the cone. iv) X is a P 2 -bundle, p : X → C, over a smooth curve C with
Now let us analyze the special case iv) of a variety M with second reduction a P 2 -bundle X over a curve C of genus q = h 1 (O X ) and K |F ≈ O P 2 (1) for any fiber
i.e.,
* * for t ≥ 1, from Lemma (1.6) one has an inclusion
Then, since K X + tK is not effective for t = 1, 2 in case iv), we conclude that This implies that either q = 0 or q = 1. If q = 0, then h = 4. Since K is nef (indeed ample) on a projective bundle, then it is spanned. Hence |K| defines a morphism σ : X → P 3 . Since d 3 = d 3 = (K ) 3 = 1 and K is ample we conclude that σ is generically one-to-one and finite, and therefore σ is an isomorphism. This contradicts the assumption that X is a P 2 -bundle. If q = 1, then from (23) we get h 0 (K S ) = χ(O S ) = 1. Thus (21) gives the absurdity that h = 1 (see [6, (1. 2)]). If d 3 = 2, then we have from (19) and (21),
This implies that either q = 0 or q = 1. If q = 0, then h = h 0 (K S ) = 5. As above, since K is nef on a projective bundle, then it is spanned. Hence |K| defines a morphism σ :
, the image of σ is a quadric in P 4 and σ is generically one-to-one. Since K is ample, we conclude that σ is finite and hence X is isomorphic to a quadric in P 4 . Again this contradicts the fact that X is a P 2 -bundle.
Thus (19) and (22) Q.E.D.
As a consequence of the results above, we can describe the case d 3 = 1. The cases, when d 3 is small, e.g., d 3 = 1, are of special interest because these are among the most extreme cases of log-general type threefolds. One numerical manifestation of this is the fact that as d 3 increases, the Hodge index inequalities force all the other invariants to grow significantly. 
be the first and the second reduction of (M, L).
Proof. If K X + 2K is not nef, we are in one of the special cases i)-iv). In case i) we are done, cases ii) and iii) are not possible since we are assuming d 3 = 1, and case iv) as well is not possible by Lemma (6.1).
Thus we can assume that K X + 2K is nef, so that
If d 2 = 1, we have, by the Hodge index relations,
), contradicting the log-general type assumption. Since d 2 = 2 by parity, we conclude that d 2 = 3. Also, the log-general type assumption gives d ≥ 8 (see Lemma (1.5)) and therefore d ≥ dd 2 ≥ 27 we obtain d 1 ≥ 6. Assume now h 0 (K X + 2K) ≥ 1. Note that K X + 2K is a rank 1 reflexive sheaf (since K X is a reflexive sheaf and K is a line bundle). Then a section s ∈ H 0 (X, K X + 2K) vanishes on a Cartier divisor. But the ampleness of K and the equality
imply that s vanishes on a subvariety Y ⊂ X of codimension ≥ 2. This gives a contradiction, unless K X + 2K ≈ O X (and h 0 (K X + 2K) = 1). Thus X is a Gorenstein Del Pezzo threefold with K X ≈ −2K.
To conclude the proof it remains to show that h 0 (K X + 2K) ≥ 1. In view of (20) it suffices to show that h
so we are done. Thus we can assume χ(−2K M ) = 0, i.e., h 0 (K M + 2K M ) = 0 and hence also Q.E.D.
Remark 6.3. Notation as in (6.2) . Note that the case of X being a Gorenstein Del Pezzo threefold with
The example in [12] has L = 3H very ample with K M ≈ −2H and degree L 3 = 27. Thus all reductions are isomorphic with
It would be interesting to have a complete classification of the Gorenstein Del Pezzo threefolds with K X ≈ −2K, and the invariants h = 3,
7. The case n = 3, II Let M be a smooth connected 3-fold polarized by a very ample line bundle L. 
In this section we study the case d 3 = 2. We will work under the assumption that K X + 2K is nef. If this is not the case, in view of the exceptions listed in §6, we know that either (X, D) ∼ = (Q, O Q (1)), Q smooth quadric in P 4 , or X is as in Lemma (6.1) (see also Remark (6.3)). Q.E.D.
